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Abstract
We present a general procedure for constructing exact black hole solutions with the magnetic
charge in the context of Einstein-nonlinear electrodynamics theory as well as in the coherent
state approach to noncommutative geometry. In this framework, the Lagrangian density for the
noncommutative Hayward black hole is obtained and the weak energy condition is satisfied. The
noncommutative Hayward solution depends on two kind of charges which for the vanishing of them
yields the Schwarzschild solution. Moreover, in order to find a link between black hole radiation
and uncertainty relations, we may calculate the Hawking temperature and find the effect of the
Lagrangian density of black holes on the Hawking radiation. Therefore, a modified uncertainty
relation emerges from nonlinear electromagnetism as a physical source and an intrinsic property of
the manifold as a fictitious charge. Finally, we find that there is an upper bound on the Lagrangian
uncertainty of the black holes which are sourced by a nonlinear electrodynamic field and/or the
fictitious charge.
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I. INTRODUCTION
It has been shown that the physical source of a regular black hole (RBH) can be inter-
preted as the gravitational field of a nonlinear electrodynamics (NED) [1–6]. NED models
emerge from the low-energy effective limit in particular approaches to string/M-theories
[7–9]. There are two important purposes in a NED theory. One is to take into account elec-
tromagnetic field and particles in the frame of a physical source and the other is to ignore
allowing physical quantities turn into infinite. A same process is attained by a physically
reliable NED model coupled to gravity so that regular spherically symmetric electrically
charged solutions satisfy the weak energy condition (WEC) and contain an inescapable de-
Sitter centre [10]. The metric and curvature invariants of charged RBHs, incompatible with
Reissner-Nordstro¨m BHs, are regular everywhere. The Bardeen BH is the first RBH model
in general relativity (GR) which has been proposed by the pioneering work of Bardeen in
1968 [11]. This BH has an event horizon and a deSitter-like feature inside its horizon which
does not violate the WEC. A bit later, Pelliger and Torrence [1] obtained a general static,
spherically symmetric solution with an electric charge in GR coupled to the NED with a
gauge-invariant Lagrangian. Later, in 1976, Bronnikov and Shikin [2] proved in a general
form that if this NED has a Maxwell weak field limit, then the above solution cannot have a
regular center (see also [3]). In 2001, Bronnikov [12] extended the solution to include radial
magnetic field and showed that only purely magnetic configurations can have a regular cen-
ter, while the regular metric ”profile” in this case can be arbitrary. The Hayward solution is
another well-known kind of regular spacetime wherein its static region is Bardeen-like while
the dynamic regions are Vaidya-like [13]. Ayon-Beato and Garcia reinterpreted the Bardeen
BH as a magnetic solution to Einstein equations with the NED [14]. The other solutions of
Einstein-NED theory have also been reported in [15–17]. There have been a great number
of studies concerning the combined Einstein and NED equations in the literature [18–29].
The issue of central singularity in BHs is widely believed to be an unavoidable prediction
of GR [30]. However, various phenomenological approaches have been considered in the lit-
erature for resolving the problem via a regular center [10]. In a noncommutative geometry
(NCG) inspired model (for a review see [31]), a point particle in a noncommutative space-
time is no longer characterized by a Dirac-delta function distribution, but will be described
as a smeared particle by a Gaussian distribution of minimal width
√
θ, beyond which coor-
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dinate resolution is obscure. Therefore, the Einstein tensor in gravity field equations stays
unchanged however the energy-momentum tensor takes a new form. As a striking result
of this noncommutativity model, the curvature singularity at the origin of BHs is removed.
Instead of the curvature singularity, a regular deSitter vacuum state will appear concerning
the effect of the strong quantum fluctuations at short distances. In fact, a noncommutative
BH is a combination of the deSitter core around the origin with the ordinary metric of the
BH far away from the origin. So, the entity of a deSitter core in the centre of a BH prevents
its collapse into a singular state. And an ordinary metric at large distances is recovered
where the behavior of the minimal length is not influential, while new physics is made at
short distances.
On the other hand, in recent years, due to various conceptual and technical reasons, it
has been suggested that there may exist corrections to the Heisenberg uncertainty principle
(HUP) which could be important at extreme scales, i.e. in the ultraviolet (UV) and in
the infrared (IR) scales [32]. In the UV scale, the incorporation of gravity in quantum field
theory (QFT) yields effectively a cutoff in the high energy regime, i.e. a minimal length scale
of the order of the Planck length, lP ≈ 10−35m. Studies on string collisions at Planckian
energies and through a renormalization group type of analysis lead to the modification of
the HUP, i.e. the generalized uncertainty principle (GUP) [33] (for a review, see [34]). The
application of the GUP to BH thermodynamics has attracted considerable attention and
leads to significant modifications to the emission process, particularly at the final stages of
the evaporation [35]. It is worth mentioning, the thermodynamics of BHs is thought to be
the connection between BH physics and quantum theory. For instance, in 2001, Adler et al.
[36] have argued that in opposition to standard viewpoint, the GUP may prevent small BHs
from total disappearing in exactly the same way that the HUP obstructs the hydrogen atom
from total collapse. They applied the GUP approach in an alternative heuristic derivation
of the Hawking radiation to find a corrected BH temperature. In this heuristic method, the
Hawking temperature can be achieved by the utilization of the HUP and general properties
of BHs [37]. Many authors considered various problems in this framework, e.g., see [38].
Several studies in string theory and NCG give a particular type of correction to the HUP
and thus propose the appearance of a finite limit to the possible resolution of distances
at extreme scales [39]. Indeed, because of the appearance of extreme energies at short
distances of a noncommutative manifold, the influences of manifold quantum fluctuations
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turn into noticeable and prevent any measurements to determine a particle position with a
preciseness greater than an intrinsic length scale which can be understood as an example of
locality violation at the Planck length [40]. It is interesting to note that the methodology of
the NCG effectively represents itself as an equivalent description of the nonlocal field theory
discussed in Ref. [41]. It can be inferred from BH physics that any theory of quantum gravity
should have an intrinsic minimum length of the order of Planck length [42].
On the basis of the noncommutativity, the extracting of metrics for noncommutative BHs
is identified with the possible running of the minimal observable length in GR. Recently,
we have analysed the final stages of the BH evaporation for the noncommutative Bardeen
and Hayward solutions [43, 44]. The results showed that the behavior of Hawking radiation
changes considerably at the small radii regime such that the BH does not evaporate com-
pletely, but a stable BH remnant will be remained at the final phase of the evaporation. In
this paper, we are going to find the Lagrangian density of a term depending nonlinearly on
the electromagnetic field tensor for a family of spherically symmetric, static, charged RBH
metrics. We obtain the Hawking temperature of the noncommutative Hayward BH and use
its corrected temperature to derive a modified uncertainty relation including the Lagrangian
density in exactly the same way that the GUP creates a modified Hawking temperature.
This paper is organized as follows. In Sec. II, we describe the nonlinear electromagnetic
field equations in regular spacetimes. The noncommutative effects on the spacetime of Hay-
ward are investigated in Sec. III. The resulting metric in three possible causal structures is
analyzed and its WEC is examined. In Sec. IV, we determine the Hawking temperature of
the noncommutative Hayward BH and then, in order to find the effect of the Lagrangian
density on the Hawking radiation, we speak of a modified uncertainty relation for radiated
photons that is derived from the HUP. Thus, a rough estimate between the Lagrangian den-
sity of RBHs and uncertainty relations is revealed. Finally, our results are briefly presented
in Sec. V. Throughout the paper, Greek indices run from 0 to 3 and we use natural units
with the following definitions: ~ = c = G = kB = 1.
II. NED FIELD COUPLED WITH GR
In this section, we investigate the most general form of a spherically symmetric, static,
charged RBH metrics in GR coupled to a NED. We start with the action describing the
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dynamics of a self-gravitating NED field in GR
S =
1
16pi
∫ √−gd4x (R− L(F )) , (1)
where R is the curvature scalar with respect to the line element gαβ, and the Lagrangian
density L(F ) is an arbitrary nonlinear function of the Lorentz invariant, F = FαβF
αβ,
where Fαβ = ∂αAβ − ∂βAα is the electromagnetic field (Aα is the 4-vector potential). It
should be noted that the Lagrangian density approaches to Maxwell asymptotic at weak
electromagnetic fields, i.e. L(F )→ F , and LF ≡ dLdF → 1 as F → 0.
The tensor field Fαβ satisfies equations
∇α
(
LFF
αβ
)
= 0, (2)
∇α ∗ F αβ = 0, (3)
where the asterisk refers to the Hodge dual. The stress-energy tensor Tαβ can be found by
differentiating the action S with respect to the metric tensor gαβ as follows
Tαβ =
1
4pi
(
LFFγαF
γ
β −
1
4
gαβL
)
. (4)
The Einstein equations of motion are given by
Rαβ − 1
2
gαβR = 2
(
LFFγαF
γ
β −
1
4
gαβL
)
. (5)
Here, we consider a general ansatz of the BH solution having the static spherical symmetric
configuration with the nonlinear magnetic charge{
ds2 = N(r)dt2 −N−1(r)dr2 − r2(dϑ2 + sin2 ϑdφ2),
A = em cosϑdφ,
(6)
where em is the total magnetic charge carried by the BH related to the value of Hayward’s
free parameter g (given in length unit). The value of g is limited to the positive number,
because the BH solution only exists at the positive value. The metric function N(r) is
defined by the relation
N(r) = 1− 2m(r)
r
. (7)
Einstein’s field equations may be simplified to these independent forms
d2N
dr2
− 2
r2
(N − 1)− 4e
4
m
r4
LF = 0, (8)
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1r
dN
dr
+
N − 1
r2
+
L
2
= 0. (9)
It can be seen that Eq. (8) is satisfied for any given metric function (7), arising from the
most general form of a static spherically symmetric solution with a magnetic charge. Hence,
using Eqs. (7) and (9), the mass distribution function can be written in the form
m(r) =
1
4
∫ r
L (F (r′)) r′2dr′ + C, (10)
where C is an integration constant. In order to obtain m(r), it should be emphasized that
as the equations of motion are too complicated to solve analytically for dyonic charges, the
situation turns into much simpler for either magnetic or electric charges. In this paper, we
are going to construct exact BH solutions with the magnetic charge because in the NED, the
reason for regularity comes from the magnetic charge. In a purely magnetic configuration,
Fαβ is zero except for Fϑφ, that is
Fϑφ = em sinϑ. (11)
Thus, using Eq. (2), we find the square of the field strength as
F =
2e2m
r4
. (12)
The lagrangian density as a function of r, i.e. L = 4
r2
dm
dr
, can be derived freely by selecting a
physically appropriate mass function to create static solutions including magnetic charges. It
is easily seen that the condition for the ADM mass at infinity leads to m(r →∞) =M = C
(or L = 0), and the Schwarzschild BH is recovered as expected, which implies the solution of
vacuum Einstein equations. In addition, for m(r) =M − e2m
2r
(or L = F ), which implies the
solution of Einstein-Maxwell theories, we recover a magnetically charged Reissner-Nordstro¨m
BH.
III. NONCOMMUTATIVE HAYWARD BH
In this section, we are going to analyse the effect of an extended structure associated
with the microscopic discretion of spacetime on the Hayward BH. We plan to consider
the noncommutativity to have an intrinsic minimum length scale equal to
√
θ. Thus, a
point like structure will no longer be characterized by a distribution which behaves like
Dirac-delta function, but it will be smeared by a distribution of minimal width
√
θ. Here,
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θ can be considered the smallest fundamental cell of an observable area in the deformed
theory. Even though the Einstein tensor will not directly get deformed, the deformation of
the energy-momentum tensor by an extended structure will induces a deformation of the
original Einstein equation. The ordinary classical metric will be recovered at large distances,
but new physics will be obtained at short distances, where the effect of an extended structure
cannot be neglected.
In the coordinate coherent states approach proposed by Smailagic and Spallucci [40], a
point-like mass M instead of being quite localized at a point, is characterized by a smeared
structure throughout a region of linear size
√
θ. The technique we choose here is to seek
to a static, spherically symmetric, minimal width, Gaussian distribution of mass whose the
noncommutative size is determined by the parameter
√
θ. Therefore, we should model the
mass distributions by a smeared delta function
ρθ(r) =
M
(4piθ)
3
2
e−
r
2
4θ . (13)
The matter density in Eq. (13) displays a physical source which is as close as it is possible
to a point-like object. As has been shown in Ref. [44], the noncommutative Hayward mass
function m(r) in terms of g and θ in the metric function (7) can be written as
m(r) =
mgmθ
M
, (14)
where the Hayward mass function mg in terms of g and the noncommutative mass function
mθ in terms of θ are {
mg =M
(
r3
r3+g3
)
,
mθ =M
[
E
(
r
2
√
θ
)
− r√
piθ
e−
r
2
4θ
]
,
(15)
where the Gaussian error function is defined by E(x) ≡ 2√
pi
∫ x
0
e−t
2
dt. In the commutative
limit and g 6= 0, the function m(r) tends to the Hayward mass function, i.e. m→ mg, while
for θ 6= 0 and g = 0, we get m→ mθ. This means that for θ → 0 and g → 0, the mass term
defined in Eq. (14) is the same as the ADM mass at asymptotic infinity, i.e. M , and this
reduces to the Schwarzschild case.
An interesting feature of the solution (7) is the horizon equation N(rh) = 0. One can draw
plots and study the occurrence of horizons. To this purpose, it is convenient to introduce
the dimensionless quantities z = r√
θ
, s = g
2M
and a = g
3
θ
3
2
. Therefore the metric function in
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terms of z turns out to be
N(z) = 1−
a
1
3 z2
[
E (z
2
)− z√
pi
e−
z
2
4
]
s(z3 + a)
. (16)
The numerical results of N(z) versus z are presented in Fig. 1. Depending on the values
of a and s, the metric function (16) displays different causal structures: the entity of two
horizons, one horizon (an extremal BH) and no horizon, as can be seen from Fig. (1).
It is important to note that for z < z0 =
r0√
θ
one cannot speak of an event horizon and
no temperature can be defined. The physical description of r0 is the smallest radius which
cannot be probed by a test particle that is located within some distance from the source, so
for r < r0 we encounter an unusual dynamical feature leading to, e.g., a negative temperature
[45]. In fact, when the BH reaches the extremal configuration with a minimal radius, the
temperature is zero and the Hawking emission abruptly stops. This means that, instead
of the ordinary divergent treatment for the ultimate phase of the Hawking evaporation at
small radii, there exists a value at which the temperature vanishes. For that reason, the
final phase of the BH evaporation can be considered an extremal BH relic.
According to Fig. (1), there are two distinct event horizons for z > z0. The existence of a
minimal nonzero radius, corresponding to the case of an extremal BH configuration (z = z0),
is clear and hence for z < z0 there is no event horizon, so that there cannot be a BH. As
figure (a) shows, the distance between the horizons increases with decreasing the parameter
s, while in figure (b), as a increases the distance between two horizons is enlarged. Also,
figure (b) implicitly indicates that the minimal nonzero horizon radius increases with raising
the parameter a. We see that the causal structure is more sensitive to the values of s, but
is roughly unaffected by the values of a. This can be rationally explained by the fact that
the dimensionless quantity s is dependent on the ADM mass M , which plays a key role in
the BH solutions at a broad range of scales, from the short distances to the large distances,
while the parameter a is dependent on the parameters which are more important at the
short scale gravity.
The corresponding Lagrangian density for the noncommutative Hayward BH in terms of
g and θ takes the form
L(r) = 2mg
(
e−
r
2
4θ√
piθ3
+
6g3
r6
m
M
)
. (17)
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FIG. 1: N in terms of z for various values of a and s. Figures ((a) and (b)) display three possible causal structures: two
distinct horizons, one degenerate horizon and no horizon. In figure (a) we have set a = 1.00. On the right-hand side of figure
(a), curves are marked from top to bottom by s = 0.50 (no horizon), s = 0.25 (one degenerate horizon) and s = 0.17 (two
distinct horizons) respectively. In figure (b) we have set s = 0.50. On the right-hand side of figure (b), curves are marked from
top to bottom by a = 1.00 (no horizon), a = 22.42 (one degenerate horizon) and a = 125.00 (two distinct horizons) respectively.
In the limit θ → 0, one obtains the Lagrangian density for the Hayward BH
L(r) =
12g3
r6
m2g
M
, (18)
and when g → 0, we have the Lagrangian density for the noncommutative Schwarzschild
BH
L(r) =
2Me−
r
2
4θ√
piθ3
= 16piρθ(r). (19)
The role of the parameter θ is pivotal because it is responsible for the modified causal struc-
ture of the solution (compared to the Schwarzschild case) which is similar to the Reissner-
Nordstro¨m case. For this reason we may call θ to be a fictitious charge [46].
There is an important issue here which is worthwhile for discussion. Assuming that the
physical treatment of a RBH is qualitatively comparable with or without noncommutativity,
a key question has to be asked: is there any motivation to propose the noncommutative’s pa-
rameter (the fictitious charge) accompanied by the RBH’s parameter (the magnetic charge)?
In order to provide an accurate answer to this question, it is necessary to point out that
there are fundamental distinctions between two situations. First, the noncommutativity is
not dependent on the curvature, but is an inherent property of the manifold itself even in
the absence of gravity which is denoted by the parameter θ and can remove some kind of di-
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vergences which appear in GR. Thus, if any effect is made by the noncommutativity it must
be revealed also in weak fields. Second, the notion of weak or strong field is reasonable only
if we compare the field strength with a suitable scale. In GR, there is a natural and unique
scale, that is the Planck scale. Hence, the gravitational field strength can still be regarded as
weak even near a BH, regarding the Planck scale. This justifies the utilization of linearized
field equations as a temporary laboratory to determine the effect of noncommutativity until
the horizon radius is larger than the Planck length [47].
On the other hand, the Hayward BH is a regular solution of a modified Einstein equation,
and it is also found in a NED field coupled with GR. In the near horizon of a BH, quantum
effects are significant due to the strong gravity, thus the spacetime geometry may be modified
from quantum effects close to the horizon and the inherent singularity inside the BH may
be removed. With this in mind, we may imagine that the BH metric is modified close to the
horizon region owing to quantum effects. The range of deviations from the standard solution
of Einstein equations is determined by free parameters of RBHs. Therefore, free parameters
can explain how much quantum effects nearby the horizon influence the deviation from the
standard energy level and the radiation. Along this line of reasoning we take the charges as
two different issues.
Here, one can expect that a physically reliable NED theory cannot contravene the WEC.
Apart from some matter fields, the WEC is satisfied by general matter fields. According to
Ref. [22], our solution should satisfy the WEC. The WEC expresses that the local energy
density of matter cannot be negative for all local observers and dominates over the pressure
[48]. In other words, the energy density satisfies Tαβu
αuβ ≥ 0, where uα is a timelike
vector. This is considered to require an anisotropic fluid in order to find a RBH. Thus, the
energy-momentum tensor is given by
T αβ = diag [−ρ(r), pr(r), p⊥(r), p⊥(r)] , (20)
where pr = −ρ is the radial pressure. So, the energy-momentum tensor confirms the sym-
metry T 00 = T
1
1 as expected. The tangential pressure p⊥ is given by
p⊥ = −ρ− r
2
∂1ρ, (21)
Instead of a point particle, a source turns into a magnetic droplet of anisotropic fluid of
density ρ. On physical grounds, a non-zero radial pressure is equivalent to preventing droplet
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to collapse into a matter point. This is an inherent effect on matter owing to the spacetime
noncommutativity and it is needed to balance the inward gravitational pull.
The WEC can be expressed as the following inequalities
{
ρ ≥ 0,
ρ+ pi ≥ 0; i = 1, 2, 3.
(22)
The inequalities above in terms of the mass function can be written as
{
1
r2
dm(r)
dr
≥ 0,
2
r
dm(r)
dr
≥ d2m(r)
dr2
,
(23)
where
{ dm(r)
dr
= mg
(
r2e−
r
2
4θ
2
√
piθ3
+ 3g
3
r4
m
M
)
,
d2m(r)
dr2
= 1
r3+g3
[
3g3
(
1
r
dm(r)
dr
− m
r2
− 3mr
r3+g3
)
+ Mr
4e−
r
2
4θ
2
√
piθ3
(
− 3r3
r3+g3
− r2
2θ
+ 5
)]
.
(24)
From above relations, it is easy to check that noncommutative Hayward BHs satisfy the
WEC everywhere. However, there are some RBH solutions which do not satisfy the WEC
[5, 6, 12, 18, 49]. Here we should emphasize that the authors in Ref. [22] have shown that the
construction of charged RBH metrics is established upon three requirements: the satisfaction
of the WEC, the confirmation of the symmetry T 00 = T
1
1 and the asymptotic behavior of
the solution as the Reissner-Nordstro¨m BH metric. It is evident that our results agree with
the mentioned requirements found in [22].
IV. LAGRANGIAN UNCERTAINTY RELATION
The HUP is widely considered to be an essential conceptual tool for comprehending
differences between classical and quantum theory. On the assumption that the HUP is not
always sufficient to confirm the essence of what is non-classical about quantum mechanics,
it is sensible to speak of a generalization of it. In other words, a complete formulation of the
HUP may provide the quantum essence of quantum theory. For example, the appearance
of a minimal observable length is a phenomenological feature of any approach to quantum
gravity which leads to the GUP in the following form [34]:
∆x∆p ≥ 1
2
(
1 + α(∆p)2 + . . .
)
, (25)
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where α is a constant of order unity (usually assumed positive) and is dependent on the
details of the quantum gravity theory. The GUP relation signifies a finite minimal uncer-
tainty ∆x0 =
√
α. Hence, ∆x0 > 0 may be a manifestation of the fuzzyness of space, or may
be considered as a consequence of the smeared structure of the fundamental particles. The
above GUP also implies the corresponding corrections to the commutation relation between
the momentum operator pˆ and the position operator xˆ in the pertinent Heisenberg algebra
as follows
[xˆ, pˆ] = i(Iˆ + αpˆ2 + . . .), (26)
where Iˆ shows the unit operator. These expressions show that the structure of the spacetime
is embellished with an effective minimal length beyond which any measurements to observe
a particle location with a precision more than an intrinsic length scale is impossible.
In the light of the motivation mentioned above, as a starting point, one can propose a
similar idea with Ohanian and Ruffini [37] but conversely to derive a kind of GUP. They
utilized the HUP to propose an alternative heuristic derivation of the Hawking radiation.
We may calculate a modified Hawking temperature and use the heuristic viewpoint similar
to Ref. [37] to find a modified uncertainty principle for radiated photons. On the basis
of thermodynamic consistency, BHs emit a thermal black body spectrum at the Hawking
temperature,
TH =
1
4pi
∂1g00√−g00g11
∣∣∣∣
r=rh
=
1
4pi
dN(r)
dr
∣∣∣∣
r=rh
. (27)
Using Eqs. (7), (10) and the relation m(rh) =
rh
2
at the event horizon, one can easily find
the Hawking temperature of noncommutative Hayward BHs as follows
TH =
1
4pirh
− rh
8pi
L(rh). (28)
This temperature leads to a modified uncertainty relation. In this setup, one can estimate
the characteristic energy of the emitted photons from the standard uncertainty principle.
Near the BH surface, there is an inherent uncertainty in the position of any particle of
about the horizon radius (∆x ∼ rh), due to the behavior of its field lines [50], and also
on dimensional grounds. This leads to the momentum uncertainty in terms of the distance
uncertainty and Lagrangian density,
∆p ∼ 1
2rh
− rh
4
L(rh), (29)
12
and to the energy uncertainty ∆E ∼ 4piTH , which is identified as the characteristic energy
of the emitted photon or as a characteristic temperature that agrees with the Hawking
temperature up to a factor of 4pi as a calibration factor. From the uncertainty principle, the
following modified uncertainty relation including a Lagrangian density function is given by
∆x∆p &
1
2
(
1− (∆x)
2
2
L(∆x)
)
. (30)
The second term on the right-hand side of Eq. (30) is dependent on the parameters of
Hayward and noncommutativity. The term of corrections represents the nonlinear magnetic
charge and noncommutativity effects of probing photon rather than gravitational effects in
comparison with the GUP. The deviation from the standard picture in the solution occurs
only in a limited region around the origin. In the limit ∆x ≫ 1, the first term on the
right-hand side of the modified uncertainty relation is dominant and the HUP is recovered,
while in the regime ∆x ≪ 1 the second term is dominant and plays an essential role when
the momentum and distance scales are in the core around the origin, gravity is actually
described by a nonlinear electrodynamic field and the NCG rather than by GR.
The characteristic Lagrangian density of emitted photons is estimated from the HUP.
Since ∆x is associated with the horizon radius, we have m(∆x) ≈ ∆x
2
. Therefore, from
Eq. (17) we solve for the Lagrangian uncertainty in terms of the distance uncertainty
∆L ≈ 2M
(∆x)3 + g3
(
(∆x)3e−
(∆x)2
4θ√
piθ3
+
3g3
M(∆x)2
)
. (31)
The Lagrangian uncertainty term emerges from the combined influence of the nonlinear
magnetic source and the noncommutativity, such that for L(∆x) → 0 the vacuum solution
is recovered that is as ∆x∆p ≥ 1
2
. Hence, when r → ∞ the noncommutative Hayward
metric function behaves as the Schwarzschild BH, which implies the HUP.
For further specifications of this issue, the numerical results of the Lagrangian uncer-
tainty versus the distance uncertainty for specific values of g and θ are presented in Fig. 2.
As the figure shows, for the cases of Hayward and noncommutative Hayward BHs we have
roughly similar results at small length scales (∆x ∼ 1), while the results of noncommutative
Schwarzschild and noncommutative Hayward BHs are substantially similar at large length
scales (∆x ≫ 1). However, the results of three cases of BHs are equivalent at very large
distances (∆x → ∞), which leads to ∆L → 0. We can see that the behavior of the
noncommutative Schwarzschild case is rather different at very short distances. In the limit
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FIG. 2: ∆L in terms of ∆x for specific values of g and θ. The solid line corresponds to the noncommutative Hayward BH
for g = 1.00 and θ = 1.00. The dash line refers to the noncommutative Schwarzschild BH for g = 0 and θ = 1.00. The long
dash line represents the Hayward BH for g = 1.00 and θ = 0. We have set M =M(min) for each cases.
∆x → 0, the Lagrangian uncertainty reaches a maximum value for the noncommutative
Schwarzschild BH, while it is infinite for two other cases. Nevertheless, as previously stated,
we should consider the results just under the circumstance that r ≥ r0. In other words,
there is a minimum uncertainty in position that is equivalent to the minimal nonzero
radius, i.e. ∆x(min) ∼ r0, such that it is impossible to set up a measurement to find a more
precise particle position than ∆x(min). As a result, the appearance of a lower finite cut off
at the short scale gravity compels a bound on any measurements to determine a particle
position in a noncommutative gravity theory. Therefore, one should set the requirement
that L(∆x) . ∆L(max) because for the pattern of the metric for ∆L > ∆L(max) no
sensible temperature can be determined. This upper bound on the Lagrangian uncertainty
is a necessary condition for preventing the unusual thermodynamical behavior at very short
distances. In Table I, the numerical results of the minimum distance uncertainty, minimum
mass and maximum Lagrangian uncertainty for specific values of g and θ are presented. As
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TABLE I: This table shows the remnant radius, remnant mass and maximum Lagrangian uncertainty for specific values of
g and θ that correspond to various kinds of BHs and hence are in agreement with Fig. 2.
Noncommutative Hayward BH Noncommutative Schwarzschild BH Hayward BH
∆x(min) ∼ r0 ≈ 3.13 ∆x(min) ∼ r0 ≈ 3.02 ∆x(min) ∼ r0 ≈ 1.26
M(min) ∼M0 ≈ 1.97 M(min) ∼M0 ≈ 1.90 M(min) ∼M0 ≈ 0.94
∆L(max) ≈ 0.20 ∆L(max) ≈ 0.22 ∆L(max) ≈ 1.26
the table shows, the nonlinear electrodynamic field and/or the fictitious charge lead to the
existence of a remnant mass (M0) in which the BH can shrink to. The results are confirmed
by the numerical solutions of Ref. [44] for the three models of nonsingular BHs. This
means that the existence of the fictitious-magnetic charge, fictitious charge and magnetic
charge are responsible for the nonsingular solutions in the noncommutative Hayward BH,
noncommutative Schwarzschild BH and Hayward BH, respectively. As a final note, if we
had chosen the Bardeen solution, as another popular example of RBHs, despite that only
the mass function would have altered, the general properties would have directed to wholly
equivalent results to those above [43].
V. SUMMARY
In summary, we have investigated a general ansatz of the BH solution having the static
spherical symmetric configuration with a fictitious charge and the nonlinear magnetic charge
in the context of Einstein-NED theory. We have studied the Hawking temperature of non-
commutative Hayward BHs. In this way, a modified uncertainty relation is achieved in a
heuristic way by the utilization of the Hawking temperature and general properties of BHs
according to Ref. [37]. The term of corrections is due to the Hayward’s parameter, stemming
from a nonlinear electrodynamic field, plus noncommutativity effects. As a result, the mod-
ified uncertainty relation including a Lagrangian density function is emerged from nonlinear
electromagnetism as a physical source and an inherent property of the manifold instead of
gravitational effects compared to the GUP. Ultimately, it is found that there is an upper
bound on the Lagrangian uncertainty of BHs at the short scale gravity which comes from
15
the deSitter core around the origin.
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